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1. INTRODUCTION
n ² :Let n be a fixed positive integer. For z, w let  ,  denote the
n² :usual Hermitian product, z, w  z w   z w . For z write1 1 n n
  ² :12  n   4  n   4z  z, z . Let B  z : z  1 and S  z : z  1 .n n
We write dV and d to denote normalized volume and area measure on
B and S , respectively.n n
 .  .An increasing differentiable function  : 0, 1  0, is called a
Ž . Ž . Ž Ž ..ForelliRudin weight function if 1 r  r  o  r as r 1. Examples
Ž .of ForelliRudin weight functions include the functions  r 
Ž Ž Ž ...log 1 1 r , for 0 r 1, where 	 0. Other examples of these
weight functions will be given in Section 3.
 
The following result generalizes the ForelliRudin estimates 5 :
THEOREM 1.1. Let 1 t  and let  be a ForelliRudin weight
function.
Ž .i If c 0, then there is a finite constant C such that
t2 2   1 z C wŽ . Ž .2  z dV z  ,Ž .Ž .H cn1tc 2² :B  1 z , w 1 wn Ž .
for all w B .n
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Ž .ii If c 0, then there is a finite constant C such that
t2 1 zŽ . 2  z dV z  C ,Ž .Ž .H n1tc² :B 1 z , wn
for all w B .n
Ž .iii Furthermore, there is a finite constant C such that
t2 1 z 1Ž . 2 2    z dV z  C w log ,Ž .Ž . Ž .H n1t 2 1 w² :B 1 z , wn
'  for all 1 2 w  1.
For w B let  denote the involutive automorphism of the unit balln w
Ž .  
B such that  0  w. These mappings are described explicitly in 7 . Then w
above theorem has the following companion result:
THEOREM 1.2. Let 1 t  and let  be a ForelliRudin weight
function.
Ž .i If c 0, then there is a finite constant C such that
t2 1 z CŽ . 2
  z dV z  ,Ž . Ž .H cž /wn1tc 2² :B  1 z , w 1 wn Ž .
for all w B .n
Ž .ii If c 0, then there is a finite constant C such that
t2 1 zŽ . 2 2   z dV z  C w ,Ž . Ž . Ž .H ž /wn1tc² :B 1 z , wn
for all w B .n
Ž .iii Furthermore, there is a finite constant C such that
t2 1 z 1Ž . 2 2   z dV z  C w log ,Ž . Ž . Ž .H ž /wn1t 2 1 w² :B 1 z , wn
'  for all 1 2 w  1.
The usual ForelliRudin estimates are obtained if we take  1.
Forelli and Rudin proved their estimates using power series, orthogonality
of the monomials, and Stirling’s asymptotic estimate for the gamma
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Ž  
.function see 5, 7 . S. Axler gave a more elementary proof of a special
 
case of the ForelliRudin estimates in 3 . Instead of estimating series, we
will estimate elementary integrals to obtain the above estimates. This
method also gives a very elementary proof of the usual ForelliRudin
estimates. As an application of the above estimates we will prove L p-
boundedness results for classes of integral operators that include Bergman
projections and Hankel operators.
The paper is organized as follows. In Section 2 we outline the use of
estimates on elementary integrals to obtain an elementary proof of the
usual ForelliRudin estimates. In Section 3 we discuss ForelliRudin
weight functions. We give several examples of such weights and prove
some elementary properties that these weight functions have. In Section 4
we prove the above generalized ForelliRudin estimates. In the final
section we use the generalized ForelliRudin estimates to obtain L p-
boundedness results for classes of integral operators that include the
Bergman projections.
2. ELEMENTARY PROOF OF THE FORELLIRUDIN
ESTIMATES
In this section we outline the use of estimates on elementary integrals to
obtain an elementary proof of the usual ForelliRudin estimates. We will
furthermore establish some of the notation used in the sequel.




I w  .Ž . Hc 1ci
 2	 1 we	
Ž . Ž  .It is easily seen that I is a radial function on : I w  I w , for everyc c c
w. The following estimates hold: for every real number c there exists
a constant C such that for all w,
c2  C 1 w if c 0,Ž .
C if c 0,I w  2.1Ž . Ž .c 1
C 1 log if c 0.2 ½ 5 1 w
Ž .  
The first estimate in 2.1 is Lemma 4.6 in Duren 4 , which goes back to
 




I w  I w ,Ž . Ž .cc c2 1 wŽ .
Ž . Ž .for all w, and the fact that for c 0, I w  I 1  . The abovec c
i
 Ž i t.identity can be proved by making the change-of variable e   e w
it i tŽ . Ž . Ž . Ž .w e  1 we in the integral I w . The third estimate in 2.1c
 Ž . Ž .follows from the first, using that I r  I r , for all 0 r 1.0 1
Basic Estimates. The following lemma, the first part of which is implicit
in the author’s elementary proof of L p-boundedness of the harmonic
 
Bergman projection 9 , will be used to prove The ForelliRudin estimates.
LEMMA 2.2. Let t1.
Ž .i If c 0, then
t1 r 1 1 1Ž .1
dr  ,H c1tc ½ 5c 1 t 1 xŽ .0 1 rxŽ .
for all 0 x 1.
Ž .ii If c 0, then
t1 r 1 1Ž .1
dr  ,H 1 tc 1 t c0 1 rxŽ .
for all 0 x 1.
Ž .iii Furthermore,
t1 r 1 1Ž .1
dr  log ,H 1 t 1 t 1 x0 1 rxŽ .
for all 0 x 1.
Proof. Suppose t1 and 0 x 1. If 1 t c	 0, then
t
x x1 r drŽ .
dr .H H1 tc c1
0 01 rx 1 rŽ . Ž .
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Also,
t1 r 1 1Ž .1 1 tdr 1 r dr .Ž .H H c1tc 1tc 1 t 1 xŽ . Ž .x x1 rx 1 xŽ . Ž .
Addition yields the desired inequality.
If 1 t c 0, then
t1 r 1Ž .1 1 tdr 1 r dr .Ž .H H1 tc 1 t0 01 rxŽ .
This completes the proof.
Ž .Lemma 2.2 can be used to obtain an alternative proof 2.1 : For fixed
Ž  2 412 .0 r 1 the substitution x 1 1 r  2 r cos 
 r shows that
dx1
	 I r  .Ž . Hc 1212 c2 2 21 1 x 1 14 r 1 x  xr 1 rxŽ . Ž . Ž . Ž .Ž .
1 1 2 2Ž . Ž .It is elementary to show that 1 rx  1 r 1 x  xr 1 xr;2 4
thus
12 122' '2 1 x 2 2 1 xŽ . Ž .1 1
I r  dx dx ,Ž . H Hc c12 c12	 	1 01 rx 1 rxŽ . Ž .
Ž .and 2.1 follows from Lemma 2.2 and the above estimates.
The Unit Disk. Let 1 t . For real c and w put
t2 1 zŽ .
J w  dA z .Ž . Ž .Ht , c 2tc 1 wz
The ForelliRudin estimates for the unit disk state that for every real c
there exists a constant C such that for every w,
c2  C 1 w if c 0,Ž .
C if c 0,J w  2.3Ž . Ž .t , c 1
C 1 log if c 0.2 ½ 5 1 w
Proof. Integration in polar-coordinates shows
1 t 'J w  1 r I r w dr .Ž . Ž . Ž .Ht , c 1tc
0
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Ž . Ž . Ž 2 .1 tcIf 1 t c 0, then by 2.1 , I s  C 1 s , for all 0 s1 tc
 1. Applying Lemma 2.2 and the above identity we get
t1 rŽ .1
J w  C dr ,Ž . Ht , c 1tc20  1 r wŽ .
and the desired estimates follow from Lemma 2.2.
Ž . Ž .  Ž Ž 2 ..4If 1 t c 0, then by 2.1 , I s  C 1 log 1 1 s , for1 tc
all 0 s 1; thus
11 tJ w  1 r 1 log drŽ . Ž .Ht , c 2½ 5 1 r w0
11 t 1 r 1 log dr ,Ž .H ½ 51 r0
Ž .for all w. This completes the proof of 2.3 .
Higher Dimensions. In this subsection we will prove the ForelliRudin
Estimates for the unit ball and unit sphere in  n. Fix w B . Let U be an
n Ž   .rotation on  such that Uw w , 0, . . . , 0 . Then, using the invariance of
the measure  we have
1 1
d   d Ž . Ž .H Hnc nc² : ² :S S1  , w 1 U , Uwn n
1
 d  Ž .H nc² :S 1  , Uwn
1
 d  .Ž .H nc
 S 1 w n 1
Ž . Ž   2 .12 4Write S as z,  : z and  1 z S . The sphere Sn n1 n1
Ž . Ž   2 .12has real dimension equal to 2 n 2 ; thus the area of 1 z S isn1
Ž   2 .n2 1 z , for some number  only depending on n. Integrating firstn n
with respect to  and next with respect to z, we obtain
n22 1 1 zŽ .
d    dA z .Ž . Ž .H Hnc n Ž .2 n2 c² :S 1  , w  1 w zn
If we take w 0, we see that   n 1. We have shown that for alln
w B ,n
1
 d   n 1 J w , 2.4Ž . Ž . Ž . Ž .H nc n2, c² :S 1  , wn
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for all w B and c. Consequently, the ForelliRudin estimates forn
Ž .these integrals follow from 2.3 .
Ž  
. Ž .Integration by polar coordinates see 7, 1.4.3 and 2.4 show that
t2 1 zŽ .
dV zŽ .H n1tc² :B 1 z , wn
1 tn1 '   n n 1 r 1 r J r w dr ,Ž . Ž . Ž .H n2, c
0
Ž .and the usual ForelliRudin estimates Theorem 1.1 with  1 follow by
Ž .combining 2.3 and Lemma 2.2.
3. FORELLIRUDIN WEIGHT FUNCTIONS
In this section we give examples of ForelliRudin weight functions and
prove some properties for these weights.
 .  .Recall that an increasing differentiable function  : 0, 1  0, is a
Ž . Ž . Ž Ž ..ForelliRudin weight function if 1 r  r  o  r as r 1. Clearly
1Ž .the function  r  log is a ForelliRudin weight function. More
1 r
examples are obtained by applying the following propositions.
PROPOSITION 3.1. Let  be a positie ForelliRudin weight function.
Ž . i For eery 	 0 the function  is a ForelliRudin weight function.
Ž . Ž .ii If  r 	 1 for all 0 r 1, then log  is a ForelliRudin weight
function.
Ž . Ž . Ž . Ž . Ž . Ž .Proof. i If  r   r , then we have 1  r  r  r 
Ž . Ž . Ž . 1 r  r  r .
Ž . Ž . Ž . Ž . Ž . Ž .ii If  r  log  r , th en 1  r   r  r 
ŽŽ . Ž . Ž .. Ž .1 r  r  r log  r .
Ž .PROPOSITION 3.2. If  is a positie function on 0, 1 increasing to  such
Ž . Ž . Ž . l o g that 1 r  r O 1 as r 1, then  is a ForelliRudin weight
function.
Ž . Ž . log  Ž r . Ž . Ž . Ž .Proof. If  r   r , then 1  r   r  r 
Ž . Ž .Ž Ž .. Ž . Ž . Ž Ž .. Ž .2 1 r  r log  r  r . If  r  , then log  r  r  0, and
Ž . Ž . Ž .thus 1 r  r  r  0 as r 1.
By Proposition 3.1, for every 	 0 the functions
 1 e
log and log logž /ž /1 r 1 r
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Ž .are ForelliRudin weight functions. By Proposition 3.2 the larger func-
tions
e 2e
log log log log1 e1 r 1r
log and log logž /ž /1 r 1 r
are also ForelliRudin weight functions.
PROPOSITION 3.3. If  is a ForelliRudin weight function, then
1 s
1 r  r dr ,Ž . Ž .H
0
for all s1.
Ž .Proof. We may without loss of generality assume that  r  0 for
Ž .0 r 1 if  is not identically 0, then this will hold near 1 . Choose
Ž . Ž . Ž Ž .. 0 such that  1 s. By the assumption that 1 r  r  o  r
Ž .as r 1, there exists an r  0, 1 such that0
d 
log  r  ,Ž .
dr 1 r
for all r  r 1. Integrate to obtain0
1 r0




 r   rŽ . Ž . 0 1 rŽ .
Ž . s Ž . Ž .Ž . Ž . sfor all r  r 1. Thus 1 r  r   r 1 r 1 r for all0 0 0
1Ž . s Ž .r  r 1. Since 1 s  0 we have H 1 r dr 1 1 s 0 0
 , and the stated result follows.
The following lemma provides the estimates on which we will base our
proof of the generalized ForelliRudin estimates.
LEMMA 3.4. Let 1 t  and let  be a ForelliRudin weight
function.
KAREL STROETHOFF944
Ž .i If c 0, then there exists a finite constant C such that
t1 r  r  xŽ . Ž . Ž .1
dr C ,H c1tc 1 xŽ .0 1 rxŽ .
for all 0 x 1.
Ž .ii If c 0, then there exists a finite constant C such that
t1 r  rŽ . Ž .1
dr C ,H 1 tc
0 1 rxŽ .
for all 0 x 1.
Ž .iii Furthermore, there exists a finite positie constant C such that
t1 r  r 1Ž . Ž .1
dr C x log ,Ž .H 1 t 1 x0 1 rxŽ .
for all 12 x 1.
Ž .Proof. i If c 0, then
t
x x1 r  r dr 1  xŽ . Ž . Ž .
dr  x  ,Ž .H H c1tc 1c c 1 xŽ .0 01 rx 1 rŽ . Ž .
for all 0 x 1. Also, integration by parts yields
1 t1 x 1Ž .1 1t t11 r  r dr  x  1 r  r dr .Ž . Ž . Ž . Ž . Ž .H H1 t 1 tx x
Ž .Since  is a ForelliRudin weight function, we can choose r  0, 1 such0
1Ž . Ž . Ž . Ž .that 1 r  r  1 t  r , for all r  r 1. Then, for r  x 10 02
the above inequality implies
1 t1 r  r drŽ . Ž .H
x
1 t1 x 1 1Ž . 1 t  x  1 t 1 r  r dr ,Ž . Ž . Ž . Ž .H1 t 1 t 2 x
thus
1 t1 xŽ .1 t1 r  r dr 2  x ,Ž . Ž . Ž .H 1 tx
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and hence
t1 r 1Ž .1 1 t
 r dr 1 r  r drŽ . Ž . Ž .H H1 tc 1tc
x x1 rx 1 xŽ . Ž .
2  xŽ .
 ,c1 t 1 xŽ .
for all r  x 1. Addition yields that0
t1 r 1 2  xŽ . Ž .1
 r dr  ,Ž .H c1tc ½ 5c 1 t 1 xŽ .0 1 rxŽ .
for all r  x 1.0
Ž .ii Suppose c 0. If 1 t c 0, then
t1 rŽ .1 1 t
 r dr 1 r  r dr ,Ž . Ž . Ž .H H1 tc
0 01 rxŽ .
for all 0 x 1. If 1 t c 0, then
t1 r 1Ž .1 1
 r dr  r dr ,Ž . Ž .H H1 tc 1c
0 01 rx 1 rŽ . Ž .
for all 0 x 1.
Ž .iii Note that
t t
x x1 r 1 r 1Ž . Ž .
 r dr  x dr  x log .Ž . Ž . Ž .H H1 t 1t 1 x0 01 rx 1 rxŽ . Ž .
Also,
t1 r 1Ž .1 1 t
 r dr 1 r  r dr .Ž . Ž . Ž .H H1 t 1t
x x1 rx 1 xŽ . Ž .
1Ž . Ž . Ž . Ž . Ž .If r  0, 1 is such that 1 r  r  1 t  r , for all r  r 1,0 02
then we have already shown that
1 t1 xŽ .1 t1 r  r dr 2  x ,Ž . Ž . Ž .H 1 tx
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and thus
t1 r 2Ž .1
 r dr  x ,Ž . Ž .H 1 t 1 tx 1 rxŽ .
for all r  x 1. Addition shows that0
t1 r 2 1Ž .1
 r dr  x  log ,Ž . Ž .H 1 t ½ 51 t 1 x0 1 rxŽ .
Ž .for all r  x 1. This easily implies iii .0
4. PROOF OF THE GENERALIZED FORELLIRUDIN
ESTIMATES
We are now in a position to prove the generalized ForelliRudin
Ž .estimates Theorems 1.1 and 1.2 .
Proof of Theorem 1.1. By integration in polar coordinates,
t2 2   1 z  zŽ . Ž .
dV zŽ .H n1tc² :B 1 z , wn
11 t2 n1 2 2 2n r 1 r  r d  drŽ . Ž . Ž .H H nc² :0 S 1  , wn
1 t2 n1 2 2   2n r 1 r  r J r w dr ;Ž . Ž . Ž .H n2, 1tc
0
thus
t2 2   1 z  zŽ . Ž . 1 t '  dV z  n 1 r  r J r w dr .Ž . Ž . Ž . Ž .H H n2, 1tcn1tc² :B 01 z , wn
4.1Ž .
Ž .If 1 t c 0, then by 2.3 ,
C
J u  ,Ž .n2, 1tc 1tc2 1 uŽ .
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Ž .for all u, which combined with 4.1 gives
t t2 2   1 z  z 1 r  rŽ . Ž .Ž . Ž . 1
dV z  nC dr .Ž .H Hn1tc 1tc2² :B 01 z , w  n 1 r wŽ .
In this case, the desired conclusions follow from Lemma 3.4.
Ž .In case 1 t c 0, it follows from 2.3 that
C
J u  ,Ž .n2, 1tc Ž .1t 22 1 uŽ .
for all u, so that
t t2 2   1 z  z 1 r  rŽ . Ž .Ž . Ž . 1
dV z  nC drŽ .H Hn1tc Ž .1t 2² :B 0 1 r1 z , w Ž .n
1 Ž .t1 2 nC 1 r  r dr ,Ž . Ž .H
0
for all w B .n
Ž .Proof of Theorem 1.2. The change-of-variables u  z showsw
t2 1 zŽ . 2
  z dV zŽ . Ž .H ž /wn1tc² :B 1 z , wn
t t 2 t2 2    ² :1 w 1 u  1 u , wŽ . Ž .
H n1tc2B   ² :n 1 w  1 u , w 4Ž .
n12 1 wŽ .2   u dV uŽ .Ž . 2 n2² :1 u , w
t2 1 1 uŽ . 2   u dV u ,Ž .Ž .Hc n1tc2 ² :B  1 u , w1 w nŽ .
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that is,
t2 1 zŽ . 2   z dV zŽ . Ž .Ž .H wn1tc² :B 1 z , wn
t2 1 1 zŽ . 2   z dV z ,Ž .Ž .Hc n1tc2 ² :B  1 z , w1 w nŽ .
so that Theorem 1.2 immediately follows from Theorem 1.1.
5. L p-BOUNDEDNESS RESULTS
 
 pForelli and Rudin 5 used their estimates to prove L -boundedness of
 
Bergman projections, a result independently obtained by Stein 8 using
singular integral operators. We have the following L p-boundedness result
for classes of integral operators that include the Bergman projections.
THEOREM 5.1. Let  be a ForelliRudin weight function. For 1 
Ž . Ž   2 . Ž .  let dV z  1 z dV z . For eery 1 p , the operator Q 
pŽ .defined on L B , dV byn 
g zŽ . 2
Q g w    z dV z ,Ž . Ž . Ž . Ž .H ž /n w n1² :B 1 z , wn
for w B , is L p-bounded: there exists a finite positie constant C such thatn
p p
Q g z dV z  C g z dV z ,Ž . Ž . Ž . Ž .H H  
B Bn n
for all measurable g on B .n
Ž .Proof. Let q p p 1 be the conjugate index of p. Apply the
Ž  
.Schur Test see Lemma 3.1 in 5 with test function
1
2 p q h z  1 z ,Ž . Ž .
for z B . We haven
p
h zŽ . 2
  z dV zŽ . Ž .H ž /w n1² :B 1 z , wn
t2 1 zŽ . 2   z dV z ,Ž . Ž .H ž /wn1² :B 1 z , wn
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Ž .where t 1  p 11. Noting that n 1  n 1 t c,
Ž .where c 1  q 0, it follows from Theorem 1.2 that
p
h zŽ . 2
  z dV zŽ . Ž .H ž /w n1² :B 1 z , wn
C p  Ch w ,Ž .1
q2 1 wŽ .
for all w B .n
The above theorem does not only generalize the L p-boundedness of
Bergman projections, but it also generalizes the boundedness results of
 
Hankel operators with co-analytic symbols of Axler 2 , for the unweighted
 
Bergman space on , and Arazy et al. 1 , for the weighted Bergman
spaces on : for if f is a Bloch function on B , then the Hankel operatorn
H is given byf
f w  f zŽ . Ž .
H g w  g z dV z ,Ž . Ž . Ž .Ž . Hf n1² :B 1 z , wŽ .n
2 2Ž .for g A , the space of analytic functions in L B , dV , and w B . n  n
The inequality
1
 f w  f z  f logŽ . Ž . B 21  zŽ .w
shows that
 H g w   1 f Q g w ,Ž . Ž . Ž .Ž .Bf 
Ž .where Q is defined as in the statement of Theorem 5.1 with  r 
pŽ Ž ..log 1 1 r ; so the L -boundedness of Hankel operator H followsf
from Theorem 5.1.
REFERENCES
1. J. Arazy, S. Fisher, and J. Peetre, Hankel operators on weighted Bergman spaces, Amer.
Ž .Math. J. 110 1988 , 9891054.
2. S. Axler, The Bergman space, the Bloch space, and commutators of multiplication
Ž .operators, Duke Math. J. 53 1986 , 315332.
KAREL STROETHOFF950
3. S. Axler, Bergman spaces and their operators, in ‘‘Surveys of Some Recent Results in
Ž .Operator Theory, Vol. I’’ J. B. Conway and B. B. Morrel, Eds. , pp. 150, Pitman
Research Notes in Mathematics, Longman, Harlow, 1988.
4. P. Duren, ‘‘The Theory of H p Spaces,’’ Academic Press, San Diego, 1970.
5. F. Forelli and W. Rudin, Projections on spaces of holomorphic functions in balls, Indiana
Ž .Uni . Math. J. 24 1974 , 593602.
6. G. H. Hardy and J. E. Littlewood, Some properties of conjugate functions, J. Reine Angew.
Ž .Math. 167 1932 , 405423.
7. W. Rudin, ‘‘Function Theory in the Unit Ball in  n,’’ Springer-Verlag, New YorkBerlin,
1980.
8. E. M. Stein, Singular integrals and estimates for the CauchyRiemann equations, Bull.
Ž .Amer. Math. Soc. 79 1973 , 440445.
9. K. Stroethoff, Harmonic Bergman spaces, in ‘‘Holomorphic Spaces,’’ Mathematical Sci-
ences Research Institute Publications, Vol. 33, pp. 5163, Springer-Verlag, New
YorkBerlin, 1998.
